Magnetic fields inside and around neutron stars are at the heart of pulsar magnetospheric activity. Strong magnetic fields are responsible for quantum effects, an essential ingredient to produce leptonic pairs and the subsequent broadband radiation. The variety of electromagnetic field topologies could lead to the observed diversity of neutron star classes. Thus it is important to include multipolar components to a presumably dominant dipolar magnetic field. Exact analytical solutions for these multipoles in Newtonian gravity have been computed in recent literature. However, flat spacetime is not adequate to describe physics in the immediate surrounding of neutron stars. We generalize the multipole expressions to the strong gravity regime by using a slowly rotating metric approximation such as the one expected around neutron stars.
INTRODUCTION
Our understanding of pulsar physics has benefited from recent advances in multi-wavelength observational campaigns as well as from developments of new numerical tools able to investigate carefully its magnetosphere and the subsequent radiation mechanisms from a theoretical point of view. As the quality and quantity of data increases regularly, theoreticians are forced to improve the physics of their models in conjunction with the precision of their predictions. Detailed analysis of pulsar phase-resolved spectra and polarisation properties requires accurate models dealing with all possible perturbations departing from a too simple description of pulsar magnetospheres. General relativity belongs to one of these additional physical ingredient compulsory to investigate properly neutron star electrodynamics. This fact became clear in the past years. Indeed efficient pair creation in force-free magnetospheres seems to require frame dragging effects close to the magnetic poles (Philippov et al. 2015) . Pétri (2016a) investigated in depth general-relativistic force-free magnetospheres. In the same vain Ruiz et al. (2014) look at the spindown luminosity and attempted to match neutron star exterior described in the force-free regime to its interior described by relativistic MHD, see also Paschalidis & Shapiro (2013) . Konno & Kojima (2000) investigated the impact of general relativistic corrections to curvature radiation. Oscillations of neutron stars in general relativity were also of interest (Kojima & Hosonuma 2000) . Morozova et al. (2010) studied the influence of neutron star oscillations in general relativity on the plasma density in the magnetosphere for a aligned rotator. Curvature of space time and frame dragging effects on the surrounding electromagnetic field was already emphasized by Beskin (1990) and Muslimov & Tsygan (1992) .
Any rotating field can be expanded into multipolar components. Thus Bonazzola et al. (2015) and Pétri (2015) showed how to compute exact analytical solutions to multipoles in closed form for flat space-time. Extension to general relativity is highly desirable. The simplest case is a rotating dipole for which Kojima et al. (2004) gave an approximate solution in general relativity comparing their results with previous analytical work of Rezzolla et al. (2001) . An analytical estimate for the dipole spindown has been given by Rezzolla & Ahmedov (2004) . Recently these authors extended their analysis of oscillations by adding damping due to heating and Joule dissipation (Rezzolla & Ahmedov 2016) . In this paper, we show how to extend those results to any multipole and to any order of accuracy.
Maxwell equations in presence of strong gravity using the 3+1 formalism are used to c 2016 RAS, MNRAS 000, 1-47 solve for arbitrary electromagnetic field configurations in vacuum as presented in Sec. 2.
Exact solutions for static multipolar magnetic fields in Schwarzschild background metric in terms of hypergeometric functions are reminded in Sec. 3. In the same gravitational field, exact analytical solutions are found in terms of local confluent Heun functions as explained in Sec. 4. Frame dragging is included in an approximate fashion by numerically solving the system of elliptic equations (Helmholtz equations) for the unknown fields as exposed in Sec. 5. Our analytical treatment is supported by time-dependent numerical simulations of Maxwell equations in general relativity as presented in Sec. 6. Conclusions are drawn in Sec. 7.
MAXWELL EQUATIONS AND THEIR SOLUTIONS
In this section the general formalism to solve Maxwell equations in general-relativistic vacuum is reviewed. For the 3+1 split of spacetime we follow the conventions and definitions given by Pétri (2013) .
Split of space-time metric
We split space-time into a 3+1 foliation such that the background metric g ik is expressed as
where x i = (c t, x a ), t is the time coordinate or universal time and x a some associated space coordinates. The metric signature is given by (+, −, −, −). α is the lapse function, β a the shift vector and γ ab the spatial metric of absolute space. By convention, latin letters from a to h are used for the components of vectors in absolute space, in the range {1, 2, 3}, whereas latin letters starting from i are used for four dimensional vectors and tensors, in the range {0, 1, 2, 3}. A fiducial observer (FIDO) is defined by its 4-velocity n i such that
n i = (α c, 0 ).
This vector is orthogonal to the hyper-surface of constant time coordinate Σ t . Its proper time τ is measured according to dτ = α dt. The relation between the determinants of the space-time metric g and the pure spatial metric γ is given by √ −g = α √ γ. For a slowly rotating neutron star, the lapse function is
4 J. Pétri and the shift vector c β = − ω r sin ϑ e ϕ (4a) ω = R s a c r 3 .
We use a spherical coordinate system (r, ϑ, ϕ) and an orthonormal spatial basis (e r , e ϑ , e ϕ ).
The metric of a slowly rotating neutron star remains close to the usual flat space, except for the radial direction. Indeed the components of the spatial metric are given in Boyer-Lindquist coordinates by
For this slow rotation approximation, the spatial metric does not depend on the spin frequency of the massive body but only on its mass M through α. This justifies the slow-rotation approximation. The spin parameter a is related to the angular momentum J by J = M a c.
It follows that a has units of a length and should satisfy a R s /2. Introducing the moment of inertia I, we also have J = I Ω. In the special case of a homogeneous and uniform neutron star interior with spherical symmetry, the moment of inertia reads
Thus the spin parameter can be expressed as
For the remainder of this paper, we will use this expression to relate the spin parameter intervening in the metric to the spin frequency of the neutron star. From the above expression, note that the parameter a/R s remains usually small.
Maxwell equations in general relativity
Maxwell equations in 3+1 notation take a traditional form close to the one known in flat space-time except that, as the reader should keep in mind, the three dimensional space is curved and differential operators defined according to the spatial metric γ ab . In vacuum, the system reads ∇ · B = 0 (8a)
∇ · D = 0 (8c)
The three dimensional vector fields are not independent, they are related by two important constitutive relations, namely
ε 0 is the vacuum permittivity and µ 0 the vacuum permeability. The curvature of absolute space is taken into account by the lapse function factor α in the first term on the right-hand side and the frame dragging effect is included in the second term, the cross-product between the shift vector β and the fields. Space curvature and frame dragging have therefore an imprint on the constitutive relations eq. (9a), (9b). From the auxiliary fields (E , H ) we get the Poynting flux through a sphere of radius r by computing the two dimensional integral on this sphere by
where dω is the infinitesimal solid angle and ω the full sky angle of 4 π sr. This integral can be computed analytically in the asymptotic regime of large distances given in the wave zone.
The Poynting flux should then be interpreted as the power radiated as seen by a distant observer and not the intrinsic spindown as measured on the neutron star surface. Indeed, due to gravitational redshift, energy is degraded when photons propagate from the surface to the observer and this affects also the measured power in the wave zone. Our spindown luminosity is computed according to the normalization done by this distant observer.
General solution to Maxwell equations
It is formally possible to give arbitrary solutions to Maxwell equations for divergencelessness electric and magnetic fields in vacuum in a stationary regime. Indeed their expansion into vector spherical harmonics reads, neglecting a possible monopolar ℓ = 0 contribution,
which correspond to stationary solutions expressed in the frame of a distant observer. The Φ ℓ,m are vector spherical harmonics defined and introduced in recent works by Pétri (2013) .
The functions g 
the potentials f D ℓ,m must satisfy
where
and similarly for the magnetic field f
The boundary conditions on the neutron star surface are imposed on the electric field in the following way
This last expression shows that the electric field strength is proportional toω which contains the frame dragging effect. This leads to a lowering of the actual rotation rate of the star as seen by a local observer on the surface. Thus frame dragging decreases the electric field intensity and therefore also the spindown luminosity corrections due to rotation of spacetime.
However, as shown later in this work, for realistic neutron star parameters, these corrections remain negligible. A second correction is induced by the space curvature and implies a additional factor α −2 compared to flat spacetime. The constants of integration are magnified but this effect is sometimes completely cancelled by the general relativistic spherical Hankel functions when ℓ = m as shown in the numerical results in Sec. 5. For other multipoles with ℓ > m, compensation is only partial. These conclusions are discussed in detail in the numerical approximate solution Sec. 5.
The Helmholtz operator is conveniently rewritten by introducing the tortoise coordinate r * such that
We are looking for solutions describing outgoing waves that reduce to e i km r in flat space time, thus we introduce another unknown field u
where k m = m/r L . The curved spacetime Helmholtz operator in terms of these new dependent variables u ℓ,m becomes
In terms of u B/D ℓ,m , the inhomogeneous Helmholtz equations become for the electric field
and similarly for the magnetic field
For one single multipole with potential specified at the surface by f B ℓ,m (R), the boundary conditions for the electric field reduces to
to be evaluated at the surface for r = R.
Wave zone and Poynting flux
The Poynting flux of a rotating multipole can be most easily computed in the asymptotic flat spacetime at very large distance. Because of energy conservation law, the flux leaving the star must reach infinity, there is no absorption layer in between. In the wave zone, the expressions (11) can be drastically reduced by the fact that the potential functions behave asymptotically as f ℓ,m (r) ≈ u ∞ ℓ,m e i km r /r where lim r→+∞ u ℓ,m (r) = u ∞ ℓ,m . Neglecting the axisymmetric mode decreasing much faster, like r −(ℓ+1) , the electromagnetic field becomes in
Equation (20c) shows that the solution behaves as a monochromatic plane wave propagating in the radial direction n = e r at frequency Ω. The time averaged Poynting flux is therefore
where B * w is the complex conjugate of B w . Integrating the radial component of the Poynting vector along the solid angle ω we get the power radiated, using the orthonormality of the vector spherical harmonics, such that
The spin down luminosity L is independent of the radius as it should from the energy conservation law. Equation (22) represents the most general expression for the magnetomultipole losses from an arbitrary multipole magnetic field in general relativity. As soon as the constants of integration u
are known, the full stationary electromagnetic field is determined and its subsequent properties such as spindown and magnetic topology. Our main goal is to fix these constants either with some analytical argument or more accurately via numerical integration of the elliptic problems related to the Helmholtz equations in curved spacetime. We next recall the exact analytical solutions of the static multipoles in general relativity and then look for the stationary rotating multipoles solutions found numerically. 
Introducing the new unknown function φ ℓ,m = r f ℓ,m we get the simple differential equation
to be solved with appropriate boundary conditions, namely vanishing potentials at spatial infinity. Moreover, introducing the normalized inverse radial coordinate by x = R s /r, the functions φ ℓ,m will be solution of
which reduces to the hypergeometric differential equation by the change of unknown function
Setting the parameters a = ℓ, b = ℓ + 2, c = 2 (ℓ + 1) we indeed find the standard form of the hypergeometric differential equation (Olver 2010) . The only solution vanishing at infinity is
which is the expression found by Muslimov & Tsygan (1986) . C is a constant of integration imposed by the boundary condition on the neutron star surface. The solution does not depend on the quantum number m in the static limit. The constant C is chosen such that the asymptotic value of the potentials converge to their flat spacetime counterpart at large distance. This represents our normalization of the magnetic field strength throughout the paper. We now give the exact analytical expression for the first four multipoles ℓ ∈ {1, 2, 3, 4}.
The magnetic dipole ℓ = 1
We start our discussion with the general-relativistic magnetic dipole. Introducing the vector spherical harmonics expansion, the static aligned dipole frozen into the neutron star is conveniently written as
(recall that x = R s /r). This solution already found by Ginzburg & Ozernoy (1964) asymptotes to the flat space-time field at very large distances r ≫ R s . The aligned dipolar magnetic field components are given in an orthonormal basis by
where we introduced the longitudinal and transversal part by
The static perpendicular dipole frozen into the neutron star is conveniently written with the
meaning inclining the previous aligned dipole to 90
• with respect to the rotation axis leading to the magnetic field components
Gravitational corrections to first order expressed by the coefficient R s /r are shown to better grab the increase in magnetic field components. The amplification is different depending on the component under consideration thus the field line topology is also modified with respect to a flat spacetime dipole. 
The quadrupolar magnetic field components for the axisymmetric mode m = 0 are given in an orthonormal basis by
The static (2,1) quadrupole frozen into the neutron star is conveniently written with the
giving the m = 1 mode by
The static (2,2)-quadrupole frozen into the neutron star is conveniently written with the
leading to the m = 2 mode
3.3 The magnetic hexapole ℓ = 3
Next the magnetic hexapole existing inside the neutron star is written as
The hexapolar magnetic field components for the axisymmetric mode m = 0 are given in an orthonormal basis by
The static (3,1)-quadrupole frozen is normalized according to 
The static (3,2)-quadrupole frozen is normalized according to
such that the m = 2 mode gives
The static (3,3)-quadrupole is normalized to
thus we get for the m = 3 mode
3.4 The magnetic octopole ℓ = 4
To finish this discussion about the lowest order general-relativistic multipoles, we give the exact solution to the octopole field for any azimuthal mode m. Inside the neutron star, the magnetic field is described a priori by a general octopolar expansion such that the magnetic potential useful for any m is given with appropriate normalization by
The octopolar magnetic field components for the axisymmetric mode m = 0 are given in an orthonormal basis by
6 r 6 (9 + 20 cos 2 ϑ + 35 cos 4 ϑ) 1 + 12 5
The static (4,1)-quadrupole is conveniently written with the normalization
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For the m = 1 mode we get
2r 6 e iϕ sin 2 ϑ (1 + 7 cos 2 ϑ) 1 + 12 5
5r 6 e iϕ (cos 2 ϑ + 7 cos 4ϑ) 1 + 5 2
10r 6 i e iϕ (9 cos ϑ + 7 cos 3ϑ) 1 + 5 2 R s r .
(53c)
The static (4,2)-quadrupole is conveniently written with the normalization
For the m = 2 mode we get
8r 6 e 2iϕ (3 + 4 cos 2 ϑ − 7 cos 4 ϑ) 1 + 12 5
10r 6 e 2iϕ (2 sin 2 ϑ − 7 sin 4 ϑ) 1 + 5 2
The static (4,3)-quadrupole is conveniently written with the normalization
For the m = 3 mode we get
r 6 e 3iϕ (2 sin 2ϑ − 4 sin 4ϑ) 1 + 12 5
r 6 e 3iϕ (cos 2ϑ − cos 4 ϑ) 1 + 5 2
For the m = 4 mode we get
r 6 e 4iϕ sin 3 ϑ cos ϑ 1 + 5 2
All these expressions for the first multipoles will be very useful for forthcoming generalrelativistic time-dependent simulations of Maxwell equations to look deeper into stationary solutions of the electromagnetic field in vacuum as well as in force-free magnetospheres.
EXACT ROTATING MULTIPOLE FIELDS WITHOUT FRAME DRAGGING
Frame dragging induces a coupling between different components rendering an analytical solution difficult to find. This is seen in the right-hand side term in eqs. (18) where terms in ω appear. However, in order to catch the essentials of general-relativistic effects on a rotating multipole, we start with a Schwarzschild background metric, thus neglecting framedragging. We justify this approximation a posteriori when solving numerically the system of equations (18), at least for realistic neutron star parameters. This allows a treatment very similar to flat spacetime as shown below.
General treatment
From the expansion into vector spherical harmonics, each function f
ℓ,m has to satisfy a scalar wave equation in Schwarzschild space-time such that α
Using the tortoise coordinate r * and the new unknown function φ = r f we arrive at
We are looking for solutions describing outgoing waves that reduce to e i km r in flat space time, thus we introduce another unknown field u as
Therefore u is solution of the ordinary differential equation
or written more explicitly
Outgoing waves at infinity imposes a finite value for u such that lim r→+∞ |u(r)| = |u| ∞ < ∞.
Changing to normalized radius defined by z = r/R s and wavenumber by
Equation (65) is known as the confluent Heun equation. It has two regular singular points located respectively at the origin of the coordinate system z = 0 and at the Schwarzschild radius z = 1 and one irregular singular point at spatial infinity z = +∞ (Olver 2010 ).
In the standard non symmetrical canonical form given by Ronveaux & Arscott (1995) , the confluent Heun equation is usually summarized by
In the case of eq (65), the parameters are defined by
Local solutions to the confluent Heun equation around the regular singular points z = 0, 1 can be expressed as a Frobenius series expansion. Unfortunately, such expansions do not extend to z = +∞ because their radius of converge is at most equal to the distance to the next singular point, thus a convergence around the point z 0 only within |z − z 0 | < 1.
The solution called radial function and denoted by Hc (r) (p, α, γ, δ, σ; z) remaining finite at infinite radius (Cook & Zalutskiy 2014) is defined by
The two independent local solutions at infinity are therefore
In our case, α = 0 therefore lim z→+∞ Hc (r) (p, α, γ, δ, σ; z) = 1 which is indeed compatible with the boundary condition we impose on u ℓ,m . These constants should remain finite and different from zero. The other solution behaves like e −4 p z z α−γ−δ = e −2 i ǫm (z+ln z) = e −2 i km (r+Rs ln(r/Rs)) which is the solution for ingoing wave from infinity that we discard in our analysis. The asymptotic series at infinity given as Thomé solution for the function
where the coefficients a n satisfy a three-term recurrence f n a n+1 + g n a n + h n a n−1 = 0 (71a)
leading unfortunately to the divergence of the series proposed in eq. (70) In Newtonian gravity, R s = 0 and the three-term recurrence simplifies into a two-term recurrence because f n = 0 and it is finite, stopping whenever n = ℓ. The solutions are polynomials in z −1 and corresponds to the standard spherical Hankel functions h
ℓ (k m r) as used by Pétri (2015) . In the general-relativistic static limit, solutions are found by setting ǫ m = 0 in eq. (65) which means k m = 0 and therefore no rotation. In that case, the confluent Heun equation reduces to the hypergeometric differential equation of Sec. 3.
Series solutions of the confluent Heun equation (65) are found with Frobenius method and a judicious change of the independent variable (Leaver 1986 ). Because of the two regular singular points located respectively at z = 0 and z = 1 and the irregular singular point at z = +∞ we use a Jaffé transform to expand the solution around the regular singular point z = 1. According to Jaffé, the transform reads
In that way the regular singular point z = 0 is rejected at x = −∞, the regular singular point z = 1 at a value x = 0 and the irregular singular point z = +∞ at x = 1. The differential equation then reads
This technique was used by Kearney et al. (1978) to solve electrodynamics problems in Schwarzschild metric applied to black holes and neutron stars. We look for series solution around x = 0 such that u(x) = +∞ n=0 a n x n . We know that the series is convergent up to the nearest singular point thus up to x = 1 which corresponds to z = +∞. The solution is therefore valid in whole space outside the Schwarzschild radius. Equating the monomes of same order x n we arrive at the following recurrence relations
For very large n with n ≫ 1 the relation reduces to a n+1 = 2 a n − a n−1 therefore the ratio a n+1 /a n = 2 − a n−1 /a n leading to lim n→+∞ a n+1 /a n = 1. Thus the radius of convergence of the series is indeed ρ = 1. To find a solution to our problem, we need to check that the series is also convergent at the point x = 1 that is on the circle of convergence. There is no general theorem on convergence on this circle and the problem is a delicate mathematical question with no definite answer. Actually the series does not converge at x = 1. It is thus impossible to satisfy the boundary condition at infinity with this series expansion. We leave the solution with the notation Hc (r) (p, α, γ, δ, σ; r/R s ) and do not give explicit expressions for it.
Close to the neutron star we have ǫ z 2 ≪ 1 so that we can neglect this term in front of u ′ . The solution therefore reduces to the general relativistic static multipole as described in Sec. 3. Let us write H
ℓ (k m r) the solution to the confluent Heun equation that remains finite at infinity. The solution corresponding to a spherical outgoing wave, that with m > 0,
The constant of integration a B ℓ,m is determined from the boundary conditions on the neutron star surface noting that
Moreover we introduced the new function
as a generalization of the spherical Hankel functions to the curved metric of Schwarzschild type. The constant of integration for the magnetic part is therefore
The constant of integration for the electric part obtained from the continuity of the tangential component of the electric field gives
From this definition the electric and magnetic potentials are deduced according to
Solution for one multipole
Useful exact solutions are given for a particular multipole fields with fixed numbers (ℓ, m).
Let us assume that inside the star, the magnetic field is solely represented by the function
. Then the only non vanishing magnetic field coefficient is given by equation (78) (we discard axisymmetric cases m = 0 which represent static solutions). Moreover the two non-vanishing electric field coefficients are (if ℓ = 1 only one solution exists, see the dipole
We conclude that the solution is fully specified by the three constants of integration (a 
For the special case ℓ = 1, the constant a D ℓ−1,m does not exist. Expression (82) generalizes the Newtonian formula found in Pétri (2015) . At this point, it is opportune to stress that the Poynting flux arises mainly not from the single magnetic multipole (ℓ, m) depicted by the constant a need to take care of the associated electric multipole to properly deduce the energy loss rate. The discussion focused on the Newtonian case but the same obviously applies to a general-relativistic magnetic multipole as will be shown from the numerical solutions.
This apparently misleading results arises because although a factor (R/r L ) 2 appears in front of the electric multipoles, it is compensated by the lower order of one of these electric multipoles containing a spherical Hankel function behaving like |∂ r (r H
(1)
R is of the same order in R/r L as the magnetic multipole |H
for R/r L ≪ 1. Actually, we showed that contrary to being negligible, this electric multipole is dominant for the energy loss rate as soon as ℓ > m. Indeed, in flat spacetime, the spherical Hankel functions can be expanded to lowest order when k m R ≪ 1.
In that case the contributions to spindown luminosities are where the first term accounts for the magnetic multipole of order (ℓ, m) and the second term accounts for the electric multipole of order (ℓ − 1, m) (for ℓ > 1). We neglect terms of higher order in the product k R, especially those arising from the (ℓ + 1, m) electric multipole. The term in bracket in front of (82) is not necessarily a higher order correction of the spindown in the point multipole limit compared to the first term in S ℓ,m . It is actually exactly of the same order as the associated magnetic multipole.
There exist no simple general-relativistic expression for the spherical Hankel functions
. Nevertheless, following Rezzolla & Ahmedov (2004) , we could adopt the flat spacetime counterpart as a good approximation taking into account the gravitational redshift of the spin frequency at the surface by noting Ω R = Ω/α R thus replacing H
Using the asymptotic expression for h (1) ℓ (x) for x ≪ 1, the major contribution to the spindown luminosity should be
Compared to flat spacetime, we note two correcting factors. The first one arising from the amplification of the magnetic field strength at the stellar surface through the factor . These are the results already discussed by Rezzolla & Ahmedov (2004) . The general relativistic luminosity increase is therefore completely determined by the Schwarzschild radius R s of the star. There are no corrections including r L . Unfortunately as we show in this paper and as was already found in Pétri (2013) by time-dependent numerical simulations, this estimate is not correct. For extremely slow rotation rate, when r L → +∞, the generalrelativistic spindown reduces to the Newtonian expression, their ratio tending to one. This is easily understood by the fact that radiation starts at the light cylinder and if this surface is rejected to large distances, with our normalization, the magnetic dipole geometry looks very similar to flat spacetime with no gravitational perturbations.
To support our conclusion on firm basis, we show very accurate numerical solutions of spherical Hankel functions in general relativity up to ℓ = 4. They are thoroughly investigated in the next subsection.
General-relativistic spherical Hankel functions
The wave equations in the Schwarzschild metric and in the slow rotation metric are solved numerically to high accuracy with an expansion onto rational Chebyshev polynomials. Here we give some useful numerical approximations for these general-relativistic spherical Hankel functions for different compactness R/R s and spin rate R/r L . The results of our integration of the boundary value problems are given by the functions shown in fig. 1 for the mode ℓ = 1, in fig.2 for the mode ℓ = 2, in fig.3 for the mode ℓ = 3, in fig.4 for the mode ℓ = 4.
To ease comparison, we use the same boundary conditions on both end of the integration interval. The solution must vanish at infinity at matches the flat spherical Hankel functions on the left boundary, H
ℓ (R/r L ) = h spacetime remain valid to very good accuracy for a slowly rotating neutron star metric.
They are not represented here as they overlap to previous plots.
For concreteness, we switch now to explicit application of low order multipole solutions in order to get more physical insight into their properties. For the remainder of this paper, we focus on some illuminating cases such as the low order multipoles: dipole, quadrupole, hexapole and octopole. spectral methods, expanding the unknown functions onto Chebyshev polynomials. More precisely, elliptic equations satisfied by the potentials are efficiently solved by a radial expansion onto rational Chebyshev functions as defined and explained in Boyd (2001) . Boundary conditions taking into account frame-dragging and space curvature have been given in eq. (19) and eq. (76). Moreover, these transformed potentials should converge to a finite non vanishing value at infinite radius.
APPROXIMATE ROTATING MULTIPOLE SOLUTIONS
In the following subsections, we given accurate numerical solutions to the electromagnetic field of a single rotating multipole up to octupole order ℓ = 4. To emphasize the effect of space curvature and frame-dragging, we compute two kind of solutions. The first one assumes a background Schwarzschild metric thus without dragging and the second one includes this dragging adopting the slowly rotating approximation. Actually, we will show that except for unrealistically short periods with P < 1 ms, this frame dragging can safely be ignored as far as the Poynting flux is concerned.
Because of frame-dragging effects that couple f verifying the coupled system
Without frame-dragging that is when ω = 0, these equations decouple in two scalar ordinary differential equations as is the case for Minkowski spacetime. In any case, the electric part has to satisfy the following boundary condition 
The solution is completely and uniquely determined by the aforementioned equations and boundary conditions. In all subsequent results, as a check of the numerical implementation and high accuracy of our algorithm, we compare the output of the numerical approximation with the exact analytical solution expressed by spherical Hankel functions that are given by Pétri (2015) .
For a dipole rotating in a Schwarzschild background metric, thus neglecting frame dragging, the spindown luminosity for different stellar compactness parameters Ξ = R s /R and different periods expressed by the ratio a = R/r L is shown in table 3. The column with R s /R = 0 corresponds to the Minkowski solution and serves as a reference to prove the high precision of the method. Indeed, we found at least ten digits of precision compared to the analytical expression. This clearly points out the very good set of basis functions used to solve the system. As a general trend, the spindown monotonically increases with compactness for fixed period reaching up to 1.336 times the reference value. As a comparison with the analytical expression found by Rezzolla & Ahmedov (2004) , the corresponding general-relativistic enhancement is shown in the last line of the Table 4 . Normalized spindown luminosity for the perpendicular rotating dipole in the slowly rotating metric background.
but remains independent of the rotation rate so no need to specify R/r L . The formula is
The first correction is induced by the magnetic field amplification and the second by grav- When frame dragging is switch on, the Poynting flux decreases slightly compared to the previous case as seen in table 4. This trend is easily explained by the boundary conditions for the electric field which contain the termω that is a decrease in the effective rotation rate of the star as measured by a local observer explaining a weaker radiating electric field contribution. However, for realistic neutron star parameters, we would expect at most R/r L 0.1 and R s /R 0.4. In that parameter range, the discrepancy between table 3 and table 4 remains less than 1%. Thus for practical purposes when discussing the spindown luminosities, frame dragging effects are irrelevant. The plots in fig.5 give a synthetic overview of the full set of results showing the increase in spindown luminosity compared to flat spacetime given by the ratio
Each curve corresponds to the ratio between a compactness Ξ > 0 and the reference case Ξ = 0. There is always an increase in the Poynting flux whatever the period a and compactness Ξ. Solid lines with the same color correspond to a same compactness. The Schwarzschild 
Quadrupole solution
The rotating quadrupole has been less extensively investigated, even in flat spacetime. The three relevant transformed potentials for the m = 1 mode are u Re(H
(1) 1 Figure 6 . Comparison between the numerical, red solid line, and the analytical expressions, green and blue solid lines, for the radial dependence of the magnetic field profile. The parameters are R/r L = 0.1 and R/Rs = 2 for Schwarzschild spacetime.
the coupled system for the three unknown functions
The appropriate boundary conditions for the electric part are given by
The spindown luminosity obtained from the numerical integration of this coupled system is summarized in Table 6 . Normalized spindown luminosity for the m = 1 rotating quadrupole in the slowly rotating background metric.
10 digits. The luminosity increase with respect to compactness is more sensitive than for the dipole m = 1 mode up to 6 times larger than the flat spacetime quadrupole. If framedragging is switch on, the decrease in luminosity can be quantified by comparing table 5   with table 6 . We always observe a lowering of the spindown rate because of the boundary conditions imposed on the electric part for the same reason as for the dipole. Frame dragging decrease the effective stellar rotation rate for a local observer and thus the expected electric field strength contribution to the radiating field. The plots in fig.7 give a synthetic compilation of the results showing the increase in spindown luminosity compared to flat spacetime reference values.
For the m = 2 the two relevant transformed potentials are u D 3,2 and u B 2,2 . They verify the coupled system of two unknown functions
The boundary conditions apply on the electric field such that although it is less pronounced than for the m = 1 mode. The plots in fig.8 give a synthetic Table 8 . Normalized spindown luminosity for the m = 2 rotating quadrupole in the slowly rotating background metric.
compilation of the results showing the increase in spindown luminosity compared to flat spacetime.
Hexapole solution
Higher order multipoles ℓ 2 are treated in the same way as a dipole or quadrupole. There is nor increase in the complexity of the algorithm or in the numerical computation of the Poynting flux. However, the possible parameter space for the geometric configuration of the magnetic field augments with ℓ because there is an increasing number of modes m such that m ℓ. High order multipoles are useful to investigate small scale structure on the neutron star surface and also to look for off-centred dipole solutions (Pétri 2016b) . In order to quantitatively fix the modification brought by general relativity, we decide two give results up to the octupole. Table 9 . Normalized spindown luminosity for the m = 1 rotating hexapole in Schwarzschild background.
The required equations for the m = 1 hexapole mode involving u
The boundary conditions for the electric field are
Applying the same procedure as before, Table 11 . Normalized spindown luminosity for the m = 2 rotating hexapole in Schwarzschild background. fig.9 give a synthetic compilation of the results showing the increase in spindown luminosity compared to flat spacetime.
If we consider the m = 2 hexapole mode, the appropriate functions are u
The accurate value of the spindown for Schwarzschild metric are given in table 11 and for the slowly rotating neutron star in table 12. The plots in fig.10 give a synthetic compilation of the results showing the increase in spindown luminosity compared to flat spacetime. Finally, the m = 3 hexapole mode requires the solution of u
supplemented with the boundary conditions for the electric field as
Comparison of table 13 with table 14 demonstrates again the decrease of spindown induced by the frame dragging effect. The plots in fig.11 give a synthetic compilation of the results showing the increase in spindown luminosity compared to flat spacetime. Table 16 . Normalized spindown luminosity for the m = 1 rotating octupole in a slowly rotating metric background.
Octupole solution
Eventually, the octupole can be solved following the same lines. For the m = 1 octupole mode, the coupled system reads for u
with the boundary conditions for the electric field
Performing the numerical integration results are shown in Table 18 . Normalized spindown luminosity for the m = 2 rotating octupole in a slowly rotating metric background.
For the m = 2 octupole mode, the coupled system reads for u
with the boundary conditions
,2 e i k 2 r * ) = 2 14 11
Integration results are shown in Table 20 . Normalized spindown luminosity for the m = 3 rotating octupole in a slowly rotating metric background.
For the m = 3 octupole mode, the coupled system reads for u
,3 e i k 3 r * ) = 8 2 33
Integration results are shown in Table 22 . Normalized spindown luminosity for the m = 4 rotating octupole in a slowly rotating metric background.
For the m = 4 octupole mode, the coupled system reads for u 
Integration results are shown in table 21 for Schwarzschild metric and in table 22 for the slowly rotating neutron star metric. The plots in fig.15 give a synthetic compilation of the results showing the increase in spindown luminosity compared to flat spacetime.
Contributions to spindown luminosity
As we saw in the Newtonian case, the highest contribution to the luminosity does not necessarily correspond to the magnetic multipole of order (ℓ, m) supposed to be anchored in the neutron star. We showed thanks to exact analytical solutions expressed in terms of spherical
Hankel functions that for ℓ > m it is always the electric multipole of order (ℓ−1, m) that contributes most to the energy loss. This trend should also be observed in the general-relativistic case. Thus for some special configurations of magnetic field, rotation and gravity, we computed separately the contribution from the magnetic multipole and the electric multipole to check the relevance of both part to the total Poynting flux. The results are summarized in the table 23. For the magnetic dipole (ℓ, m) = (1, 1), the dipolar component radiates very efficiently, it represents almost 100% of the energy losses, the electric quadrupolar part is irrelevant, contributing to one part to a million. Adding space curvature and frame dragging effects does not change our conclusion. A very good estimate of the spindown requires only the knowledge of the magnetic radiating part. For the magnetic quadrupole (ℓ, m) = (2, 1), the situation is quite opposite. Indeed the quadrupolar magnetic component radiates only about 15% of the total losses, it represents a negligible part of the dynamics. However, the electric dipolar part is highest, contributing to about 85%. Adding space curvature and frame dragging effects does not drastically change the magnetic contribution but the electric part is enhanced by a factor around 3.5. In this configuration, a very good estimate of the spindown requires only the knowledge of the electric radiating part. Frame dragging decreases slightly the flux. For the magnetic quadrupole (ℓ, m) = (2, 2), we retrive the behavior reminescent of the magnetic dipole. Indeed the quadrupolar magnetic component radiates almost exclusively whereas the electric hexapolar part completely negligible. Space curvature and frame dragging effects enhance the magnetic radiating part slightly. Going briefly through the hexapolar and octopolar magnetic field, the previous findings apply in the same way.
For the mode ℓ = m, the magnetic part is highest and the electric part remains negligible.
General relativity slightly increases the luminosity of this magnetic multipole radiation. For all other cases with ℓ > m, the electric part radiates at the highest level and the magnetic part just adds some corrections. However, general relativity enhances the losses from the electric multipole, multipliyng the rate by a factor of several units. A corollary of this effect is a drastic difference between flat spacetime and Schwarzschild spacteime Poynting flux Table 23 . Normalized spindown contribution from the magnetic multipole B-(ℓ, m) and electric multipole E-(ℓ ± 1, m) for a rotating multipole of order (ℓ, m) in the flat, Schwarzschild (Schw) and slowly rotating (SRNS) metric. The sign of E-(ℓ ± 1, m) is choosen such that ℓ ± 1 m for the lowest possible ℓ. The plus sign applies only when ℓ = m. The parameter used are R/r L = 0.1 and Rs/R = 0.5 (if relevant).
for point multipoles. General relativistic expectations do not converge to Newtonian energy losses when R/r L → 0. To my knowledge this subtle non cancellation has never been noticed in the literature.
Fitting expressions
As a summary of all the above results, we give fitting expressions for the spindown luminosity for each multipole. Only for the modes ℓ = m the spindown luminosity tends to the flat spacetime value when R/r L → 0. For the other modes, it seems that the Poynting flux stay larger than its flat spacetime counterpart even for a point multipole.
The approximate formula used to numerically fit the data for the luminosity increase includes terms up to quadratic order such that the model function is L GR L flat = S(a, Ξ) = 1 + Ξ (l 1 + l 2 a + l 3 a 2 ) + Ξ 2 (l 4 + l 5 a + l 6 a 2 ).
The choice of this formal expression is dictated by the fact that for zero compactness Ξ = 0 the spindown luminosity converges to the flat spacetime limit thus L GR L flat = 1. We then added corrections to first and second order in compactness Ξ therefore also keeping second order corrections in the spin parameter a. The accuracy of these fits dependent strongly on the multipole we try to adjust. Best results are obtained for the dipole. Nevertheless, all fits give accuracy better than 20%. The list of coefficients and the maximal error in the fit are summarized in table 24. We notice that for the cases ℓ = m the constant l 1 and l 4 almost vanish. This means that in the limit a → 0 that is for very slow rotators, the general relativistic luminosity tends to the flat spacetime limit. This conclusion does not hold for the other multipoles satisfying ℓ = m. There is always a larger spindown in general relativity compared to Newtonian gravity. Table 24 . Best fit of the spindown luminosity for all multipoles, frame dragging included.
Braking index
As a diagnostic of multipole fields, we computed the Poynting flux of single multipoles labelled by the mode (ℓ, m) taking into account the finite size of the star, space curvature and frame dragging. The braking index n is another interesting related quantity which describes the efficiency of electromagnetic braking by the lawΩ = −K Ω n where K is a constant depending on boundary conditions on the neutron star. For magnetic multipolar point sources of order ℓ, we know that n ℓ = 2 ℓ + 1 (Krolik 1991; Pétri 2015) . It is well known for instance that the braking index for magnetodipole losses is equal to n = 3 within small corrections in power of R/r L . However in general the braking index can differ from this fiducial value if the size of the star is taken into account. What about corrections due to general relativity? To answer this question, we compute the braking index derived from the spindown luminosity expressed in terms of the dimensionless parameter a = R/r L according to
This is the general formula to compute the braking index in any case, knowing the luminosity of the star with respect to the spin normalized by the parameter a. Taking into account the general-relativistic correction factor compared to flat spacetime, we get
where n flat is the barking index obtained from flat spacetime multipoles, the one computed in Pétri (2015) . General-relativity clearly introduces some corrections to the standard value expected from Newtonian gravity. From the values of the fitting coefficients, numerical applications show that the variation in the braking index remains bounded to small increase not higher than 0.3-0.4. General-relativistic effects cannot account for large discrepancies between measured braking indexes of pulsars and the fiducial value of the point dipole equal to n = 3. Table 25 . Normalized spindown extracted from the time-dependent numerical simulations for R/r L = 0.1 and Rs/R = 0.5 (if applicable).
TIME-DEPENDENT SIMULATIONS
As a final consistency check of our results we performed some time-dependent numerical simulations of the vacuum Maxwell equations in general relativity for a magnetic dipole with The pseudo-spectral discontinuous Galerkin technique using he 3+1 formalism of general relativity has been exposed in depth in Pétri (2013) and is not reproduced here.
A summary of our results are given in table 25. These values are in perfect agreement with our semi-analytical treatment resolving the stationary problem with Helmholtz equations and expansion into rational Chebyshev functions of the generalized spherical Hankel functions. Although the numerical simulations take into account many magnetic multipoles due to coupling by frame dragging, in practice only the lowest magnetic multipole is required for a good approximate estimate.
The good agreement gives us confidence about the consistency of our analytical, semianalytical and numerical approaches to investigate some properties of general-relativistic rotating magnetic multipoles.
CONCLUSION
Computing general-relativistic extensions of the Deutsch solution including space curvature and frame-dragging effects is easily achieved numerically to very high precision thanks to appropriate change of the coordinate system and a judicious expansion of the unknown functions onto rational Chebyshev functions. These spectral methods even allow to get reasonable approximate analytical solutions to the Helmholtz equations in the slow rotation metric approximation. These expressions are very handy to deduce important properties of rotating multipoles in general relativity. In this spirit, we estimated the corrections to the electromagnetic spindown luminosity as well as to the braking index of pulsar in the parameter range of compactness and periods relevant to neutron star electrodynamics. General-relativity increases the spindown luminosity with respect to Newtonian gravity although frame-dragging does not significantly impact on this estimates. Also for realistic pulsar parameters the braking index remains essentially unaffected by gravity perturbations.
Future time-dependent numerical simulations of rotating multipoles in general relativity should confirm our estimates given in this paper. As an example of multipolar electromagnetic field, we plane to extend our method to a rotating off-centred dipole in general relativity. Investigation of pulse profiles and related polarisation characteristics will offer a valuable insight into the magnetic topology close to the neutron star surface in the strong gravity regime. Last but not least, the effect of plasma charges and currents circulating inside the magnetosphere must be carefully included into the picture of magnetic multipoles to point out the effect of frame dragging which will become sensitive to first order in spin frequency.
